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Abstract
We investigate linear and nonlinear spectral singularities in the transverse electric and
transverse magnetic modes of a slab laser consisting of an active planar slab sandwiched between
a pair of Graphene or Weyl semimetal thin sheets. The requirement of the presence of linear
spectral singularities gives the laser threshold condition while the existence of nonlinear spectral
singularities due to an induced weak Kerr nonlinearity allows for computing the laser output
intensity in the vicinity of the threshold. The presence of the Graphene and Weyl semimetal
sheets introduces additional physical parameters that we can use to tune the output intensity
of the laser. We provide a comprehensive study of this phenomenon and report peculiarities of
lasing in the TM modes of the slab with Weyl semimetal coatings. In particular, we reveal the
existence of a critical angle such that no lasing seems possible for TM modes of the slab with
smaller emission angle. Our results suggest that for TM modes with emission angle slightly
exceeding the critical angle, the laser output intensity becomes highly sensitive to the physical
parameters of the coating.
1 Introduction
Spectral singularities were introduced by mathematicians in the 1950’s and studied by them for over
seven decades [1, 2, 3]. They appear as the points of the continuous spectrum of the Schrödinger
operator, ∂2x+v(x), for a complex potential v(x) that are responsible for certain peculiar mathemat-
ical properties of this operator [4]. A more recent examination of the physical meaning of spectral
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singularities has led to their identification with the (real) scattering energies at which the transmis-
sion and reflection amplitudes of the potential diverge [5]. This has led to a growing interest in the
study of their physical aspects [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33].
Optics provides a fertile research field where spectral singularities can be realized. For an opti-
cal medium involving regions of gain, they correspond to configurations where the medium begins
emiting purely outgoing coherent waves, i.e., it acts as a laser. In other words, the mathemati-
cal requirement that the optical potential describing the medium possesses a spectral singularity
coincides with the laser threshold condition [8].
Ref. [34] extends the notion of spectral singularity for a large class of nonlinear wave equations,
and Ref. [35] employs the resulting nonlinear spectral singularities to explore the effects of a weak
Kerr nonlinearity on the behavior of a simple slab laser. The main outcome of this study is the
following expression for the laser output intensity.
I =
g − g0
ς g0
Iˆ , (1)
where g is the slab’s gain coefficient, g0 is its threshold value, ς is the Kerr coefficient, and Iˆ is a
real and positive coefficient that depends on the geometry and physical parameters of the system.
According to (1), lasing can occur whenever g exceeds g0, and in this case, the intensity of the
emitted laser light is proportional to g − g0. Both of these are common knowledge in laser physics,
but here they follow from the purely mathematical condition of the existence of a nonlinear spectral
singularity due to an induced Kerr nonlinearity.
Refs. [18] and [36] respectively study the linear and nonlinear spectral singularities in the oblique
transverse electric (TE) and transverse magnetic (TM) modes of a homogeneous slab of active
material. This leads to explicit formulas for the threshold gain and laser output intensity, and
predicts that lasing in the TM modes with emission angles larger than Brewster’s angle is forbidden
[36].
In the present article, we explore the effects of coating the faces of the slab laser considered in
Refs. [18, 36] by the two-dimensional (2D) materials having a scalar conductivity. This is in part
motivated by the recent work on the PT -symmetric coherent perfect absorbers that are obtained
by coating a PT -symmetric bilayer with such materials [37, 38]. See also [39]. Our main objective
is to investigate prospects of using the physical parameters determining the conductivity of the 2D
boundary material as tuning parameters for the slab laser.
Consider an infinite homogeneous and isotropic planar Kerr slab of thickness L with one or
both faces coated by an extremely thin layer of a 2D material. Suppose that the slab is exposed
to external time-harmonic electromagnetic waves, e−iωt ~E(~r) and e−iωt ~H(~r), as depicted in Fig. 1,
and adopt a coordinate system in which the wavevector takes the form ~k = kxeˆx + kzeˆz, where
kx := k sin θ, kz := k cos θ, k = ω/c is the wavenumber, θ is the incidence angle, ω is the angular
frequency, c is the speed of light in vacuum, and eˆu is the unit vector pointing along the positive
u-axis with u = x, y, z. We wish to explore the effect of the 2D materials coating the faces of the
slab on the threshold gain g0 and the laser output intensity I slightly above the threshold. For this
purpose we choose 2D materials with a scalar conductivity such as Graphene and Weyl semimetal
(WSM) [40, 41, 42, 43, 44, 45] and follow the prescription outlined in Ref. [36] to compute g0 and
I, i.e., we postulate the presence of an induced Kerr nonlinearity in the slab and determine g0 and
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Figure 1: (Color online) Diagrams representing the scattering of the TE (on the left) and TM (on
the right) waves by a planar slab of thickness L which is placed between two-dimensional materials.
I by demanding that the corresponding Helmholtz equation respectively develops a linear and a
nonlinear spectral singularity.
2 Determination of the threshold gain and output intensity
We model the electromagnetic properties of the thin layers coating the slab by demanding that its
conductivity has the form: σ =
∑2
j=1 σj δ(z − zj), where σj with j = 1, 2 are constant coefficients
representing the contributions of the j-th layer, and δ(·) stands for the Dirac delta function. We
also recall that the conductivity determines the current density according to
~J := σ ~E =
2∑
j=1
σjδ(z − zj) ~E(~r).
For TE waves, the electric field ~E(~r) takes the form: ~E(~r) = eikxxE(z)~ey, where E(z) is a
complex amplitude. Using Maxwell’s equations, we can show that it satisfies the nonlinear Helmholtz
equation,
E ′′(z) + k2[ǫˆ(z, E)− sin2 θ]E(z) + ikZ0
2∑
j=1
Jj(z) = 0, (2)
where ǫˆ stands for the nonlinear relative permittivity of the slab [46], namely
ǫˆ(z, E) :=
{
n
2 + ς|E(z)|2 for z ∈ [0, L],
1 for z /∈ [0, L],
n denotes the complex refractive index of the slab, ς is the Kerr coefficient, Z0 :=
√
µ0/ǫ0, ǫ0, and
µ0 are respectively the impedance, permittivity, and permeability of the vacuum, and
Jj(z) := σjδ(z − zj)E(z).
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To simplify the calculations, we introduce:
zˆ :=
z
L
, K := kL cos θ, (3)
γ := −ςk2L2, n˜ := sec θ
√
n
2 − sin2 θ, (4)
ψ(zˆ) := E(zˆL), σˆj := −iKZ0 sec θ σj . (5)
σˆj , which marks the scaled conductivity parameters, depends on the scaled wavenumber K and a
set of physical parameters, ϑ1, ϑ2, · · · , ϑN , that describe the 2D material used for coating the slab;
σˆj = σˆj(K, ϑ1, ϑ2, · · · , ϑN ). (6)
In view of (3) – (5), we can identify (2) with the nonlinear Schrödinger equation,
−ψ′′(zˆ) + χ(zˆ)[v(zˆ) + γ|ψ(zˆ)|2]ψ(zˆ) = K2ψ(zˆ), (7)
where
v(zˆ) := K2(1− n˜2) +
2∑
j=1
σˆj δ(zˆ − zˆj),
χ(zˆ) :=
{
1 for zˆ ∈ [0, 1],
0 for zˆ /∈ [0, 1].
It is not difficult to show that the standard boundary conditions fulfilled by electric and magnetic
fields [47] are equivalent to the requirement that ψ(zˆ) be continuous at zˆ = {0, 1} and
ψ′(0+) = ψ′(0−) + σˆ1ψ(0),
ψ′(1+) = ψ′(1−) + σˆ2ψ(1),
(8)
where ψ′(zˆ+0 ) and ψ
′(zˆ−0 ) respectively stand for the right and left limits of ψ
′(zˆ) as zˆ → zˆ0.
For TM waves, the magnetic field is given by
~H(~r) = eikxxH(z)~ey ,
where H(z) is a complex amplitude. Ref. [36] gives the magnetic analog of the nonlinear Helmholtz
equation (2) and establishes its equivalence to the following nonlinear Schrödinger equations [36].
− φ′′(zˆ) + χ(zˆ)
[
K
2(1− n˜2)φ(zˆ) + γF0(zˆ)
]
= K2φ(zˆ), (9)
where φ(zˆ) := H(zˆL) and
F0(zˆ) := sec
2 θf0(zˆ)φ(zˆ)−
cos2 θ
n
2K2
f ′0(zˆ)φ
′(zˆ),
f0(zˆ) :=
Z20
K2|n|4
[cos2 θ|φ′(zˆ)|2 + sin2 θK2|φ(zˆ)|2].
Furthermore, the matching conditions satisfied by φ(zˆ) at zˆ = {0, 1} are given by
φ′(0+) = nˆ21φ
′(0−), φ(0+)− φ(0−) = −
σˆ1 cos
2 θ
K2
φ′(0+),
nˆ
2
2φ
′(1+) = φ′(1−), φ(1+)− φ(1−) = −
σˆ2 cos
2 θ
K2
φ′(1+),
(10)
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where
nˆ
2
j := n
2 − cos2 θK−2f0(zj)γ +O(γ
2),
and O(γ2) labels the quadratic and higher order terms in powers of γ.
Next, we consider the following solution of the nonlinear Schrödinger equations for the TE and
TM waves that describes the scattering of a left incident wave.
Ψ(x) =


G
E/M
+ e
iKzˆ − G
E/M
− e
−iKzˆ
2iK
zˆ < 0,
ξE/M(zˆ) 0 ≤ zˆ ≤ 1,
N+e
iKzˆ zˆ > 1,
(11)
where N+ is the complex amplitude of the transmitted wave, ξE(zˆ) and ξM(zˆ) are respectively the
solutions of (7) and (9) on [0, 1] that fulfill the initial conditions:
ξE(1) = N+e
iK, ξ′E(1) = (iK− σˆ2)N+e
iK,
ξM(1) = N+e
iK(1 +
iσˆ2 cos
2 θ
K
), ξ′M(1) = iK nˆ
2
2N+e
iK,
and GE/M± are coefficients that we can determine by imposing the relevant matching conditions at
zˆ = 0. In view of (8) and (10), we have
GE
±
= ξ′E(0)± (iK∓ σˆ1)ξE(0),
GM
±
= ±iK ξM(0) +
(
K± iσˆ1 cos
2 θnˆ21
K nˆ21
)
ξ′M(0).
According to Eq. (11), the left reflection and transmission amplitudes are given by,
RlE/M = −
G
E/M
−
G
E/M
+
, T lE/M =
2iKN+
G
E/M
+
.
Because nonlinear spectral singularities [34] correspond to singularities of RlE/M and T
l
E/M , we can
characterize them using the values of K such that
G
E/M
+ = 0. (12)
For a weak Kerr nonlinearity, where γ ≪ 1, we can expand the relevant quantities in a power
series in γ and ignore quadratic and higher order terms in power of γ, i.e., employ first-order
perturbation theory [35, 36]. In this way, we can express (12) in the form
G
E/M
0+ + γ G
E/M
1+ +O(γ
2) = 0, (13)
where
GE0+ := ξ
′
E0(0) + (iK− σˆ1) ξE0(0), (14)
GE1+ := ξ
′
E1(0) + (iK− σˆ1) ξE1(0), (15)
ξE0(zˆ) :=
N+e
iK
2iK n˜
[
eiKn˜(zˆ−1)αE+ + e
−iKn˜(zˆ−1)αE−
]
,
ξE1(zˆ) :=
∫ zˆ
1
sin[Kn˜(zˆ − zˆ′)]
K n˜
|ξE0(zˆ
′)|
2
ξE0(zˆ
′)dzˆ′,
αE± := (n˜± 1)±
i
K
σˆ2,
5
and
GM0+ := iKn
2ξM0(0) +
(
1 +
iσˆ1n
2 cos2 θ
K
)
ξ′M0(0), (16)
GM1+ := −
i cos2 θ
K
f0(0)
[
ξM0(0) +
σˆ1 cos
2 θ
K2
ξ
′
M0(0)
]
+
(
1 +
iσˆ1n
2
K
cos2 θ
)
ξ˜′M1(0) + iKn
2ξ˜M1(0), (17)
ξM0(zˆ) :=
N+e
iK
2iKn˜
[
eiKn˜(zˆ−1)αM+ + e
−iKn˜(zˆ−1)αM−
]
,
ξ˜M1(zˆ) := −
iN+e
iK cos2 θ
n˜K2
f0(1) sin[Kn˜(zˆ − 1)] + ξM1(zˆ),
ξM1(zˆ) :=
∫ zˆ
1
sin[Kn˜(zˆ − zˆ′)]
Kn˜
F0(zˆ
′)dzˆ′,
αM± := n˜± n
2
0 +
in˜ cos2 θσˆ2
K
.
A linear spectral singularity arises when the first term on the left-hand side of (13) vanishes.
Denoting the corresponding values of n, K, and σˆj respectively by n0, K0, and σˆ0j , we can express
this condition as
G
E/M
0+ (K0,n0, σˆ01, σˆ02) = 0, (18)
where we have made the K-, n-, and σˆj-dependence of G
E/M
0+ explicit. Note that in view of (6), σˆ0j
are determined by certain values ϑ0ℓ of the physical parameters ϑℓ of the 2D material coating the
faces of the slab. Introducing the abbreviation,
ϑ := (ϑ1, ϑ2, · · · , ϑN ), ϑ0 := (ϑ01, ϑ02, · · · , ϑ0N ),
we can view GE/M± as functions of K,n, and ϑ; G
E/M
± = G
E/M
± (K,n,ϑ), and write the condition (18)
for the presence of a linear spectral singularities in the form:
G
E/M
0+ (K0,n0,ϑ0) = 0. (19)
To explore the physical content of (18) and (19), first we show their equivalence to
e2iK0n˜0 =
α
E/M
0+ β
E/M
0+
α
E/M
0− β
E/M
0−
, (20)
where
αE0± := n˜0 ± 1±
i
K
σˆ02, α
M
0± := n˜0 ± n
2
0 +
in˜0 cos
2 θσˆ02
K0
, (21)
βE0± := n˜0 ± 1±
i
K
σˆ01, β
M
0± := n˜0 ± n
2
0 +
in20n˜0 cos
2 θσˆ01
K0
. (22)
We then recall the relation,
g = −2kκ, (23)
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between the gain coefficient g and the imaginary part κ of the refractive index n, [48]. The threshold
gain coefficient g0 is the value of g at which the optical system acquires a linear spectral singularity
[8], i.e., (20) holds. According to (23), it is given by
g0 = −2k0κ0, (24)
where k0 := K0/L cos θ is the corresponding wavenumber, and κ0 := Im(n0). Equating the modulus
and phase angle of the left- and right-hand sides of (20) and making use of (24), we obtain the
following formulas for the threshold gain gE/M0 for lasing in the TE/TM modes of the slab and the
corresponding scaled wavenumber K0.
g
E/M
0 =
Im(n0)
L cos θ Im(n˜0)
ln
∣∣∣∣∣α
E/M
0+ β
E/M
0+
α
E/M
0− β
E/M
0−
∣∣∣∣∣ , (25)
K0 =
πm− ϕ0
Re(n˜0)
, (26)
where m is a positive integer, ϕ0 is the phase angle of α
E/M
0+ β
E/M
0+ /α
E/M
0− β
E/M
0− , and ‘Re’ and ‘Im’
respectively stand for the real and imaginary part of their argument.
To characterize nonlinear spectral singularities, we solve (12) using first-order perturbation the-
ory with the scaled Kerr coefficient γ playing the role of the perturbation parameter.
Let K, n and ϑ be respectively the values of wavenumber, complex refractive index, and the
collection of the physical parameters of the coatings that give rise to a nonlinear spectral singularity.
Expanding these in powers of γ and ignoring quadratic and higher order terms, we have
K = K0 + γK1, n = n0 + γn1, ϑ = ϑ0 + γϑ1, (27)
where K1, n1, and ϑ1 := (ϑ11, ϑ12, · · · , ϑ1N ) are γ-independent parameters signifying the contribu-
tion of the nonlinearity. We also use η1 and κ1 to label the real and imaginary parts of n1, so that
n1 := η1 + iκ1, and recall that in view of (23) and (27),
g = g0
[
1 + γ
(
K1
K0
+
κ1
κ0
)]
, (28)
where we have dropped the quadratic and higher order terms in γ, [35].
In light of (18) and (27), we can satisfy (12) up to and including the first-order terms in γ
provided that
G
E/M
1+ (K0,n0,ϑ0) + ∂K0G
E/M
0+ (K0,n0,ϑ0)K1 +
∂
n0
G
E/M
0+ (K0,n0,ϑ0)n1 +
N∑
ℓ=1
∂ϑ0ℓG
E/M(0)
+ (K0,n0,ϑ0)ϑ1ℓ = 0.
Solving this equation for K1 and using (14) – (17), we have been able to show that
K1 = a I + bn1 +
N∑
ℓ=1
cℓ ϑ1ℓ, (29)
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where, I = |N+|2/2 is the time-averaged intensity of the emitted wave from the right face of the
slab (i.e., the plane z = L), and a, b and cℓ are the complex coefficients given by,
a :=
−2G1+(K0,n0,ϑ0)
|N+|2∂K0G0+(K0,n0,ϑ0)
,
b :=
−∂
n0
G0+(K0,n0,ϑ0)
|N+|2∂K0G0+(K0,n0,ϑ0)
,
cℓ :=
−∂ϑ0ℓG0+(K0,n0,ϑ0)
|N+|2∂K0G0+(K0,n0,ϑ0)
.
Next, we introduce
ar := Re(a), br := Re(b), cℓr := Re(cℓ),
ai := Im(a), bi := Im(b), cℓi := Im(cℓ).
Noting that K1 is real, the imaginary part of the right-hand side of (29) vanishes identically. We
have used this observation together with (28) and (29) to derive the following expression for the
time-averaged intensity of the emitted wave.
I =
g − g0
ς g0
Iˆg +
η − η0
ς η0
Iˆη +
N∑
ℓ=1
ϑℓ − ϑ0ℓ
ς ϑ0ℓ
Iˆϑℓ , (30)
where η0 is the real part of n0, so that n0 = η0 + iκ0, and
Iˆg := −
brκ0 cos
2 θ
K0[ai(biκ0 − K0) + arbrκ0]
,
Iˆη :=
η0 cos
2 θ
K20
[
bi(biκ0 − K0) + b
2
rκ0
ai(biκ0 − K0) + arbrκ0
]
,
Iˆϑℓ :=
ϑ0ℓ cos
2 θ
K20
[
cℓi(biκ0 − K0) + brcℓrκ0
ai(biκ0 − K0) + arbrκ0
]
.
Eq. (30) is the main result of this article. In order for the slab to emit laser light from its right
face (z = L), the right-hand side of (30) should take a positive value. In the absence of the coatings
Iˆϑℓ = 0 and one can easily arrange η such that this condition is fulfilled for g > g0 except for the
TM modes with incidence (emission) angle θ exceeding the Brewster’s angle. This is an indication
that lasing in these modes of the slab are forbidden [36]. In the following section, we explore the
consequences of Eq. (30) for a slab with Graphene or WSM coatings on one or both of its faces.
This requires a detailed examination of the intensity slopes Iˆg, Iˆη, and Iˆϑℓ . Alternatively, we can
explore the structure of Iˆg and the following ratios of intensity slopes.
Xη :=
Iˆη
Iˆg
= η0
[
bi
br
(
1
κ0
−
bi
K0
)
−
br
K0
]
, (31)
Xϑℓ :=
Iˆϑℓ
Iˆg
= ϑ0ℓ
[
cℓi
br
(
1
κ0
−
bi
K0
)
−
cℓi
K0
]
. (32)
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In terms of these, (30) takes the form,
I =
Iˆg
ς
[
g − g0
g0
+ Xη
(
η − η0
η0
)
+
N∑
ℓ=1
Xϑℓ
(
ϑℓ − ϑ0ℓ
ϑ0ℓ
)]
,
= I0
(
1 + Xη δη +
N∑
ℓ=1
Xϑℓ δϑℓ
)
, (33)
where
I0 :=
Iˆg(g − g0)
ς g0
, δη :=
η/η0 − 1
g/g0 − 1
, δϑℓ =
ϑℓ/ϑ0ℓ − 1
g/g0 − 1
.
According to (33), I0 is the intensity of the emitted wave from the right-hand face of the slab
when η = η0 and ϑℓ = ϑ0ℓ. Depending on the values of Xη and Xϑℓ , we can in principle adjust η
and ϑℓ so that I > I0. This means that we can boost the intensity of the emitted wave without
increasing the gain coefficient of the slab. In practice, it should be easier and more convenient to
do this by tuning the parameters ϑℓ of the conductivity of the coatings, for it would not involve
making changes in the active material constituting the slab.
3 Physical realization and implications of the results
Coating the faces of a homogeneous slab laser by a thin layer of graphene or WSM introduces the
tunable parameters ϑℓ into the expression for the threshold gain [37]. In the preceding section we
have shown that the same happens for the laser output intensity. To identify the nature of these
parameters and study their effects on the properties of a concrete slab laser, we first examine the
conductivities of the graphene and 2D WSM.
The conductivity of graphene [40], which we denote by σg, is the sum of the intraband and
interband contributions; σg = σintra + σinter, where
σintra :=
ie2E ln[2 cosh(µ/E )]
π~2(ω + iΓ)
, (34)
σinter :=
e2
4π~
[
π
2
+ tan−1
(ν−
E
)
−
i
2
ln
(
ν2+
ν2− + E
2
)]
, (35)
−e is the electron charge, E := 2kBT , kB is the Boltzmann constant, T is the temperature, µ is the
chemical potential, Γ is the scattering rate of charge carriers, ν± := ~ω ± 2µ, and ~ω is the photon
energy. In pure graphene the chemical potential is zero, and the intraband conductivity (34) is
proportional to the temperature. In general, the electron density n0 is related to the temperature
and the chemical potential according to n0 = (2/π~v0)
∫ +∞
0
ε[f (ε − µ)− f (ε + µ)]dε, where f (ε) is
the Fermi function which involves temperature, and v0 = 106ms−1 is a constant velocity parameter
[40]. For a fixed value of the electron density one can use the above formula to determine the
temperature-dependence of the chemical potential [43].
Next, consider coating the faces of our slab by WSM thin films whose thickness d is much
smaller than the wavelength λ but much larger than the lattice constant a, [49, 50, 51, 52]. Then
as discussed in Ref. [45], the light hits the surface which does not support Fermi-arc states and
9
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Figure 2: Graphs of the threshold gain coefficient g0 as a function of η0 for the normally incident
TE mode of wavelength λ = 0.5 µm for T0 = 300 K, b′0 = 5× 10
−4Å, and L = 1 mm in the absence
and presence of Graphene or WSM coatings on both faces of the slab.
nodes separated along the z-direction. Therefore, their conductivity which we denote by σw takes
the form,
σw ≈
ie2 ln(2bλ)
2π2~
=
ie2 ln(4πλ/b′)
2π2~
, (36)
where b is the measure of the separation between Weyl nodes in the kz-space, b′ := 2π/b, and we
use ≈ to imply that the real part of σw is negligibly small compared to its imaginary part.1
In view of Eqs. (34), (35) and (36), we identify the tunable parameters ϑℓ for the Graphene and
WSM2 sheets respectively with the temperature, T , and the separation between the Weyl nodes in
position space, b′. Again, we use the subscript 0 to label the quantities that lead to the emergence
of a linear spectral singularity. In particular, T0 and b′0 are the values of T and b
′ at which the laser
attains its threshold gain.
Fig. 2 shows the graphs of the threshold gain (25) as a function of η0 for the slab with and
without a graphene or WSM coating. The effect of the coating becomes negligible for larger values
of η0 where the internal reflections from the faces of the slab are more pronounced. Our numerical
results also show that the reduction of the threshold gain due to coating by a pair of WSM layers
diminishes for larger values of b′0.
The behavior of the threshold gain that is depicted in Fig. 2 tunes out to be valid for lasing in
the oblique TE modes of the slab as well. In general, Graphene or WSM coatings on one or both
faces of the slab do not have an appreciable effect on the threshold gain for lasing in TE modes of
1Because a ≪ d ≪ λ, the cut-off condition for the integral (40) of Ref. [45] is satisfied and, in contrast to the
case of graphene the interband contributions which give rise to the real part of the surface conductivity negligible.
This follows from the use of Kubo formalism for the calculation of the WSM conductivity which involves taking
into account and summing up the contribution of individual surface states to the surface currents. In the case we
consider, it turned out that the interband transitions do not contribute [45].
2There are various theoretically proposed candidates for a WSM in the literature. Among these TaAs, TaP, NbAs,
and NbP have been experimentally observed [53]. In general, our results apply to any materials that exhibit the
WSM phase with surface conductivity given by Eq. (36).
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the slab; the corresponding graphs of g0(θ) are almost identical with the one for the slab without a
coating [36]; g0 is a smooth monotonically decreasing function of θ that tends to zero as θ→ 90◦.
The effect of the coatings on the threshold gain is conspicuous for lasing in the TM modes of the
slab. This stems from the difference between αM
−
and βM
−
as given by (22). A closer examination
of Eq. (25) shows that its right-hand side has extremely high peaks at a pair of incidence angles,
θ1 and θ2. These respectively correspond to the values of θ at which βM− and α
M
−
vanish when we
ignore the imaginary part of the refractive index. In the absence of the coatings, θ1 and θ2 coalesce
and coincide with the Brewster angle θb := arctan(η0), [36]. In other words, coating the faces of the
slab by Graphene or WSM layers leads to a splitting of the Brewster angle into a pair of nearby
critical angles. Lasing in the TM modes corresponding to these angles is effectively impossible,
because their threshold gain takes extremely large values. This is depicted in Fig. 3 where we plot
the graphs of the normalized threshold gain as a function of the incidence (emission) angle θ for a
slab with and without Graphene coatings.
Without coating
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g0 (θ)
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Left face coated
Right face coated
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g0 (θ)
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Figure 3: Graphs of g0(θ)/g0(0) as a function of θ for lasing in the TM modes of a slab with and
without Graphene coatings for L = 300µm, η0 = 3.4, λ0 = 1.5µm, and T0 = 300◦K. The graphs in
Figs. 3(c) and 3(d) demonstrate the behavior of g0(θ)/g0(0) in the vicinity of the Brewster’s angle,
namely θb = 73.6◦. The values of g0(0) are listed in Table 1.
We obtain similar graphs if we coat the same slab using WSM instead of Graphene. The splitting
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Coating g0(0) (cm−2)
None 40.409
On left face 46.133
On right face 40.891
On both faces 46.616
Table 1: Values of g0(0) for the TM modes of the slab with and without Graphene coatings that
are considered in Fig. 3.
Coating Iˆg(0) for TE mode Iˆg(0) for TM mode
None 393.088 393.088 Z−20
Graphene on left face 28.617 44.133 Z−20
Graphene on right face -34.497 40.891 Z−20
Graphene on both faces 473.593 46.616 Z−20
WSM on left face 0.259 -193.124 Z−20
WSM on right face -0.259 336.077 Z−20
WSM on both faces 368.016 -212.266 Z−20
Table 2: Values of Iˆg(0) for the TE and TM modes of the slab considered in Figs. 4 and 5. Z0 is
the vacuum impedance.
of the Brewster angle is however less noticeable. The same is the case when we coat the slab’s right
face by a Graphene sheet. Notice that this asymmetry is related to the fact that we consider
emission of the laser light from the right face of the slab.
Fig. 4 shows plots of the normalized intensity slope Iˆg of Eq. (30) as a function of θ for the TE
modes of the slab with and without Graphene or WSM coatings. Iˆg takes a negative value when
the right face of the slab is coated. Therefore, coating the slab’s right face prevents emission of
laser light in its TE modes from its right-hand face unless we can adjust η, T , and b′ so that they
appreciably deviate from their threshold values, η0, T0, and b′0. Moreover, as far as the value of Iˆg
is concerned coating both faces of the slab has almost the same effect as not coating its faces.
Fig. 5 shows the graphs of the normalized intensity slope Iˆg as a function of incidence angle θ in
the TM modes of a slab with and without Graphene or WSM coatings. According to these figures
coating the right face of the slab has negligible effect on the value of Iˆg. Furthermore, the presence
of the coating on one or both faces of the slab does not change the fact that for emission angles θ
exceeding the Brewster’s angle, Iˆg takes a negative value. This in particular forbids lasing in the
TM modes of the slab for emission angles exceeding the Brewster’s angle unless we can adjust η, T ,
and b′ properly. Note however that the latter will prevent lasing in the TM modes with θ < θb.
For a slab with WSM coating on its left or both faces, Iˆg(θ) diverges at a critical angle θ⋆. It
takes negative (respectively positive) values for θ < θ⋆ and θ > θb (respectively θ⋆ < θ < θb.) As
explained in ref. [36], the same phenomenon appears for a slab without coatings, if η0 ≤ 3. However,
here the singularity turns out to persist for all values of η0. This suggests that for TM modes with
12
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Figure 4: Graphs of Iˆg(θ)/|Iˆg(0)| as a function of θ for lasing in the TE modes of a slab with and
without Graphene (Fig. 4(a) on the left) or WSM (Fig. 4(b) on the right) coatings for L = 300µm,
η0 = 3.4, λ0 = 1.5µm, b′0 = 0.0005 Å, and T0 = 300
◦K. Values of Iˆg(0) for different coating types
are listed in Table 2. Coating right face of the slab leads to a negative value of Iˆg(θ).
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Figure 5: Graphs of Iˆg(θ)/|Iˆg(0)| for lasing in the TM modes of a slab with and without Graphene
(Figs. 5(a) and 5(b)) or WSM (Figs. 5(c) and 5(d)) coatings for L = 300µm, η0 = 3.4, λ0 = 1.5µm,
and T0 = 300◦K. θ⋆ = 17.5◦ marks the singularity of Iˆg(θ) when the slab’s left or both faces are
coated by WSM. θb = 73.6◦ is the Brewster’s angle. Values of Iˆg(0) are listed in Table 2.
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Figure 6: Graphs of Xη, XT , and Xb′ as functions of θ for lasing in the TE modes of a slab with and
without Graphene (Figs. 6(a) and 6(c)) or WSM (Figs. 6(b) and 6(d)) coatings for L = 300µm,
η0 = 3.4, λ0 = 1.5µm, b′0 = 0.0005 Å, and T0 = 300
◦K.
emission angle θ = θ⋆ our perturbative analysis is inconclusive. For θ values substantially smaller
than θ⋆, Iˆg(θ) takes a finite and negative value. This is again an indiction that unless we properly
tune η and b′, we can not induce laser emission in the corresponding TM modes of the slab from its
right-hand face.
Next, we examine the behavior of the ratios of the intensity slops Xη := Iˆη/Iˆg, XT := IˆT/Iˆg, and
Xb′ := Iˆb′/Ig that enter the expression (33) for the output intensity of our slab laser.
Fig. 6 shows the graphs of Xη, XT , and Xb′ as functions of θ for lasing in the TE modes of a slab
with and without Graphene or WSM coatings. The presence of the coatings has a negligible effect
on the value of Xη. This is a clear evidence that the idea of boosting the intensity of the laser by
tuning the parameters of the system requires adjusting the parameters entering the conductivity of
the coating layers, namely T for Graphene and b′ for WSM, rather than the real part of the refractive
index of the slab, η. Notice also that because Xb′ takes extremely small values, this scheme is more
effective for a slab with Graphene coatings on its faces and TE modes with larger emission angle.
Fig. 7 gives the analog of the graphs given in Fig. 6 for the TM modes of the slab in the absence
and presence of the coatings. According to these graphs, coating the faces of the slab does not
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Figure 7: Graphs of Xη, XT , and Xb′ as functions of θ for lasing in the TM modes of a slab with and
without Graphene (Figs. 7(a) and 7(c)) or WSM (Figs. 7(b) and 7(d)) coatings for L = 300µm,
η0 = 3.4, λ0 = 1.5µm, b′0 = 0.0005 Å, and T0 = 300
◦K.
have a sizable effect on Xη except near the Brewster’s angle θb where it has a high peak and a low
minimum. In view of the fact that g0 becomes unrealistically large in the vicinity of θb and Iˆg takes
a negative value for θ > θb, we conclude that coating the faces of the slab does not remove the
obstruction on the emission of TM waves with θ ≥ θb. Furthermore, for a slab with WSM coatings,
Xη and Xb′ are smooth functions at the singular angle θ⋆ while Iˆg takes a negative value for angles
θ < θ⋆ and Xη is nealy 1 for these angles. These observations suggest that lasing in TM modes
with θ ≤ θ⋆ is also forbidden for this slab. Another distinctive feature of the TM modes is that the
Graphene and WSM coatings on the left or both faces of the slab lead to values of |XT | and |Xb′ |
that are of the same order of magnitude. Hence in principle one expects to be able to boost the
output intensity of the slab laser with either type of coatings.
For the slab with WSM coatings, the dependence of the laser output intensity on the distance
between Weyl nodes b′ suggests using lasing characteristics of the slab laser for the purpose of
identifying the value of b′. This may provide the basis for a method of determining b′ which
is currently a major experimental challenge. Let us also mention that in case of coatings with
graphene sheets, we can also consider the chemical potential µ as a tunable parameter. It turns
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out, however, that changing µ has a negligible effect on the output intensity. Therefore, we do not
include the related graphical data here.
4 Summary and conclusion
The fact that laser emission corresponds to the scattering solutions of the relevant wave equation
with the purely outgoing boundary conditions [54] and the observation that these solutions mark
the emergence of spectral singularities [5] underline the importance of the latter in mathematical
descriptions of lasers. An important outcome of recognizing this connection is a purely mathematical
prescription for deriving the laser threshold condition for lasers with a variety of geometries [8,
9, 10, 12, 13, 18]. This connection has provided the motivation for a nonlinear generalization
of the concept of spectral singularity [34], led to a simple mathematical derivation of the linear
relationship between the laser output intensity and the gain coefficient [35, 36], and offered a method
for computing the intensity slope appearing in this relation. In the present paper we have used this
method to explore the consequences of coating one or both faces of a mirrorless slab laser by a thin
2D material with scalar conductivity. We have obtained a generalization of the well-known linear
relation between the laser output intensity and gain coefficient that takes into account the effect of
the coating. In particular, the physical parameters determining the conductivity of the 2D material
enter the expression for the output intensity. Therefore, by tuning these parameters we can adjust
the intensity of the emitted light.
We have conducted a comprehensive study of the behavior of the intensity slopes associated
with all the relevant parameters for a slab with Graphene or Weyl semimetal coatings. These in
turn revealed interesting phenomena such as a splitting of the Brewster’s angle associated with
lasing in the TM modes of the slab and the presence of a singular emission angle θ⋆ that arises
in the study of the lasing in the TM modes of the slab with Weyl semimetal coatings. Although
a careful description of this singularity and its physical consequences is beyond the capabilities of
our perturbative analysis, our results suggest that Weyl semimetal coatings obstruct lasing in the
TM modes of the slab with emission angles θ ≤ θ⋆. For TM modes with θ slightly larger than θ⋆,
Weyl semimetal coatings cause a notable increase in the intensity slopes. This shows that for these
modes small changes in the conductivity parameters of the coating can yield considerable changes
in laser output intensity.
As a final comment we wish to point out that both Graphene [55] and WSM [56] exhibit strong
nonlinear effects in terahertz to infrared frequencies. In the present paper, we consider lasing in
the visible spectrum where we can safely ignore these nonlinearities. One can in principle study
the consequences of including these nonlinearities in the calculation of linear and nonlinear spectral
singularities and their effect on the threshold gain and laser output intensity in the terahertz regime.
Acknowledgements
This work has been supported by the Scientific and Technological Research Council of Turkey
(TÜBİTAK) in the framework of the project no: 114F357, and by the Turkish Academy of Sciences
(TÜBA).
17
References
[1] M. A. Naimark, Trudy Moskov. Mat. Obsc. 3, 181-270 (1954) [Amer. Math. Soc. Transl. (2)
16, 103 (1960)].
[2] R. Kemp, Can. J. Math. 10, 447-462 (1958).
[3] J. Schwartz, Commun. Pure Appl. Math. 13(4), 609-639 (1960).
[4] G. Sh. Guseinov, Pramana J. Phys. 73, 587-603 (2009).
[5] A. Mostafazadeh, Phys. Rev. Lett. 102, 220402 (2009).
[6] S. Longhi, Phys. Rev. B 80, 165125 (2009).
[7] S. Longhi, Phys. Rev. A 82, 031801 (2010).
[8] A. Mostafazadeh, Phys. Rev. A 83, 045801 (2011).
[9] A. Mostafazadeh and M. Sarısaman, Phys. Lett. A 375, 3387-3391 (2011).
[10] A. Mostafazadeh and M. Sarısaman, Proc. R. Soc. A 468, 3224-3246 (2012).
[11] F. Correa, M.S. Plyushchay, Phys. Rev. D 86, 085028 (2012).
[12] A. Mostafazadeh and M. Sarısaman, Phys. Rev. A 87, 063834 (2013).
[13] A. Mostafazadeh and M. Sarısaman, Phys. Rev. A 88, 033810 (2013).
[14] L. Chaos-Cador, G. Garcia-Calderon, Phys. Rev. A 87, 042114 (2013).
[15] G. Garcia-Calderon, L. Chaos-Cador, Phys. Rev. A 90(3), 032109 (2014).
[16] H. Ramezani, H.K. Li, Y. Wang, X. Zhang, Phys. Rev. Lett. 113, 263905 (2014).
[17] G. Li, X. Zhang, Z. Song, Ann. Phys. (NY) 349, 288-296 (2014).
[18] A. Mostafazadeh, M. Sarısaman, Phys. Rev. A 91, 043804 (2015).
[19] P. Wang, L. Jin, G. Zhang, Z. Song, Phys. Rev. A 94, 053834 (2016).
[20] C. Hang, G. Huang, V.V. Konotop, New J. Phys. 18, 085003 (2016).
[21] P. Kalozoumis, C. Morfonios, G. Kodaxis, F. Diakonos, P. Schmelcher, Appl. Phys. Lett. 110,
121106 (2017).
[22] S. Pendharker, Y. Guo, F. Khosravi, Z. Jacob, Phys. Rev. A 95, 033817 (2017).
[23] X. Z. Zhang, G. R. Li, and Z. Song, J. Phys. A 50, 405302 (2017).
[24] Z. Ahmed, D. Ghosh, and S. Kumar, Phys. Rev. A 97, 023828 (2018).
[25] L. Jin, Phys. Rev. A 97, 033840 (2018).
18
[26] V. V. Konotop and D. A. Zezyulin, Phys. Rev. A 97, 063850 (2018).
[27] B. Midya and V. V. Konotop, Opt. Lett. 43, 607-610 (2018).
[28] D. A. Zezyulin, H. Ott, and V. V. Konotop, Opt. Lett. 43, 5901-5904 (2018).
[29] A. Müllers, et al, Sci. Adv. 4, eaat6539 (2018).
[30] Y. Li and C. Argyropoulos, Phys. Rev. B 99, 075413 (2019).
[31] V. V. Konotop and D. A. Zezyulin, Phys. Rev. A 99, 013823 (2019).
[32] V. V. Konotop, E. Lakshtanov, and B. Vainberg, Phys. Rev. A 99, 043838 (2019).
[33] A. Mostafazadeh, Ann. Phys. (N.Y.) 411, 167980 (2019).
[34] A. Mostafazadeh, Phys. Rev. Lett. 110, 260402 (2013).
[35] A. Mostafazadeh, Phys. Rev. A 87, 063838 (2013).
[36] H. Ghaemi-Dizicheh, A. Mostafazadeh, M. Sarısaman, J. Opt. (IOP) 19, 105601 (2017).
[37] M. Sarısaman, M. Tas, J. Opt. Soc. Am. B 35, 2423-2432 (2018).
[38] M. Sarısaman, M. Tas, Ann. Phys. (NY) 401, 139-148 (2019).
[39] M. Sarısaman, M. Tas, J. Appl. Phys. 126, 163102 (2019).
[40] L.A. Falkovsky, Physics-Uspekhi 51, 887 (2008).
[41] L. Falkovsky, A. Varlamov, Euro. Phys. J. B 56, 281-284 (2007).
[42] L. Falkovsky, J. Physics: Conf. Series 129, 012004 (2008).
[43] L. Falkovsky, S. Pershoguba, Phys. Rev. B 76, 153410 (2007).
[44] V. Gusynin, S. Sharapov, J. Carbotte, Phys. Rev. B 75, 165407 (2007).
[45] M. Kargarian, M. Randeria, N. Trivedi, Scientific Rep. 5, 12683 (2015).
[46] R.W. Boyd, Nonlinear optics (Academic Press, San Diego, 1992).
[47] J. D. Jackson, Classical electrodynamics (Wiley, Hoboken, NJ, 1999).
[48] W.T. Silfvast, Laser fundamentals (Cambridge university press, 2004).
[49] K. Yang, Y. M. Lu, and Y. Ran, Phys. Rev. B 84, 075129 (2011).
[50] J.-H. Chu, J. Liu, H. Zhang, K. Noordhoek, S. C. Riggs, M. Shapiro, C. R. Serro, D. Yi, M.
Mellisa, S. J. Suresha, C. Frontera, E. Arenholz, A. Vishwanath, X. Marti, I. R. Fisher, and
R. Ramesh, New J. Phys. 21, 113041 (2019).
[51] B. J. Yang and N. Nagaosa, Phys. Rev. Lett. 112, 246402 (2014).
19
[52] A. A. Burkov and L. Balents, Phys. Rev. Lett. 107, 127205 (2011).
[53] B. Yan and C. Felser, Annu. Rev. Condens. Matter Phys. 8, 337-54 (2017).
[54] H. E. Türeci, A. D. Stone, and B. Collier, Phys. Rev. A 74, 043822 (2006).
[55] A. R. Wright, X. G. Xu, J. C. Cao, and C. Zhang, Appl. Phys. Lett. 95, 072101 (2009).
[56] K. J. A. Ooi, Y. S. Ang, Q. Zhai, D. T. H. Tan, L. K. Ang, and C. K. Ong, APL Photonics 4,
034402 (2019).
20
